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Abstract— Stability and transparency are key design require-
ments in haptic devices. Transparency can be significantly im-
proved by replacing conventional electric motors with passive
actuators such as brakes or dampers. Passive actuators can
display a wide range of impedance and since they can only dis-
sipate energy, stability is guaranteed. However, passive haptic
devices suffer from a serious drawback; the direction of the
force output is difficult to control. This issue was addressed
extensively for planar manipulators but devices with higher
degrees-of-freedom (DOF) have not been examined.

In this paper, we introduce a new analytical framework to
evaluate the feasibility and performance of non-redundant pas-
sive haptic manipulators with any DOF. The method identifies
different regions in the workspace where a force can be created
or approximated, and regions where a passive system cannot
create force at all for a given user input. The results indicate
that the range of forces a passive device can display increases
with the number of DOF. This framework can aid in the design
of control methods for multi-DOF passive haptic devices.

I. INTRODUCTION

The ideal haptic device is mechanically invisible to the
user; it has no friction and no inertia, it can display an in-
finite range of impedance while maintaining stability. Tra-
ditionally, haptic devices employ electric motors to generate
force feedback. These devices suffer from stability issues and
thus they need to dissipate energy to maintain stability. This
poses an inherent trade-off between stability and the fidelity
of the haptic rendering [1]-[3].

One way of improving the performance of a haptic device
is to replace motors with passive actuators such as electric
brakes [4]. Brakes do not suffer from stability issues as they
can only dissipate energy. As a result, a passive haptic dis-
play can exhibit a larger impedance range than an equivalent
active system without becoming unstable [5]-[7]. Passively-
actuated haptic devices are therefore a promising alternative
in applications requiring high feedback forces such as in sur-
gical simulators [8]-[10], teleoperation [11]-[13], rehabilita-
tion devices [14], [15], and collaborative robots [16], [17].

Book et al. [16], [17] were amongst the first to use brakes
to produce forces to the user. Their device, P-TER, was a 5
bar redundantly actuated the planar device, designed to assist
the user with a trajectory following task. Since then, many
other passive haptic devices have been developed, ranging
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from a 1 degree-of-freedom (DOF) [14], [15], to 2-DOF [8],
[11], [13], 3-DOF [9], and 4-DOF [12] systems.

To build these devices some major challenges had to be
addressed. For instance, since brakes can only dissipate en-
ergy, passive haptic devices cannot generate forces in arbi-
trary directions. Additionally, the inherent stiction in brakes
affects the torque a stationary and moving brake create, re-
sulting in un-smooth force output. These issues have been
studied in a 2-DOF device by Cho et al. [18]-[20]. They de-
scribed the regions of the workspace where forces could be
generated and the regions where only an approximation of
the force could be displayed. To mitigate these issues clever
control algorithms had to be developed. An early controller
for a passive device was developed to assist a user in fol-
lowing a pre-defined trajectory. The controller approximated
a desired force by switching between one actuator at a time
[21]. A similar controller was developed in [13]. It also used
only one brake at a time to generate a smooth force output
while attempting to minimize position error. Cho et al. de-
veloped a controller in [20] that not only produced smooth
force output of a 2-DOF device but also increased the force
range. This controller was later improved in [22] by making
it less reliant on a force sensor.

Most of the applications and control methods listed above
are limited to planar [16]-[22] or 3-DOF manipulators [9].
The question then arises: Are multi-DOF, non-redundant pas-
sive manipulators feasible? How will the number of DOF
affect the performance of a passive haptic device? In this
paper, we propose a new framework to address this ques-
tion. To the best of our knowledge, a general formulation
for an n-DOF passive haptic device has not been presented
before. To this end, in Section II we model a 2-DOF device,
establish the relationship between force, torque, and velocity,
and define regions in the workspace where a desired force
can be displayed accurately or partially. Then, in Section III
we expand the analysis to develop a general formulation for
the force output of an n-DOF device. To illustrate the con-
cept, a 3-DOF device will be examined in Section IV and the
concept of Degree-of-Displayability is then introduced as a
means of quantifying performance. Finally, in Section V we
address the constraints bounding the feasibility of an n-DOF
device. The proposed framework can be used to aid the de-
sign and control of both passive and hybrid multi-DOF haptic
devices.

II. FORCE MODELLING OF PASSIVE HAPTIC DEVICES

Let us begin our analysis by examining the behaviour of
a 2-DOF, non-redundant, passive manipulator.
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Fig. 1. The reference vectors, desired force, and velocities acting on a
2-DOF manipulator, where each joint is actuated.

A. Passivity Constraint

The force produced by a brake is a result of energy dis-
sipation. For instance, applying a brake in a moving vehicle
results in a force acting opposite to the car’s direction of mo-
tion. If a force is applied to a stationary vehicle the brake
will produce a force equal and opposite to the applied force.
A haptic device using brakes behaves in much the same way.
Typically, the brakes used in haptic devices are rotary; in-
stead of linear velocity they experience an angular velocity
6, and instead of force they produce a torque 7,,¢. When a
brake is moving (0 # 0), the torque it produces is:

_ [ —sen(0)|ra| if sgn(6) # sgn(ra)
Tout = . (1)
0 otherwise
In other words, a brake can only generate a desired torque
74 if its direction opposes that of its angular velocity, i.e.
74 0 < 0 [23]. When the brake is stationary (6 = 0) the
output torque opposes the torque input 7, thus,

I sen(7in)|Ta|  if sgn(7i,) # sgn(rq)
out 0 otherwise

)

Throughout this paper, we will refer to (1) and (2) together as
the Passivity Constraint. To create a force at the end-effector
an actuator must satisfy this constraint.

Now, consider the 2-DOF manipulator shown in Fig. 1,
which has one brake at each joint. The end-effector of the
device is moving with a velocity V; while attempting to
generate either a force Fg, or Fg,. In order to apply the
passivity constraint to the device, one must first relate the
torque and angular velocity at each joint to the force and
velocity at the end effector.

B. Manipulator Kinematics

Let T € R/*! represent a transformation matrix relat-
ing the angular position of each joint to the position and
orientation P € R7*! = T(0) of the end effector where
0 = [0, 65 --- ;)7 and for a non-redundant, non-under-
actuated device j = 1,2, - - - , 7. This convention will be used
through the paper. Similarly, let J € R7*? represent a Jaco-
bian matrix relating angular velocity to the linear velocity

V € RI*1 = J @ of the end effector, where J,,,,, = ?Tm,

and 6 = % with 1 < m,n < j. Since we will only consider
non-redundant manipulators (¢ = j) the Jacobian is a square

matrix. The inverse transpose of the Jacobian matrix relates

the torque of all joints to the force at the end effector:
F=(JY)"r 3)

where F € R7*! [24]. Using these relationships we can ap-
ply the passivity constraint to each joint thereby identifying
regions in the workspace where the passivity constraint is sat-
isfied, that is, the torque and velocity at a given joint have
opposite directions. The boundaries or these regions can be
found using the reference vectors described below.

C. Reference Vectors

Going back to Fig. 1, the vectors +Ry;, and +Ry, are the
velocities resulting from positive (counter-clockwise) motion
of either joint 1 or 2 whereas the other joint is not mov-
ing, ie., +Ry, = J[1 0] (with 6, =1 and 6y = 0), and
+Ry, = J[0 1]7. Let us call vectors obtained using this
operation Reference Velocity Vectors. Note that this opera-
tion simply extracted the n column from the Jacobian Ma-
trix. Therefore, the reference velocity vectors are the column
space of the Jacobian Matrix:

JT«l Jw2 e sz
J— J’yl' J’y2 ‘ Jy1 (4)
J’Yl J’Yz U J’Yi Gxi
~— =~ ~~—
Ry, Ry, Ry,

Applying the same procedure to torques and forces gives
+Rp = (I7HT[ 0] with 74 = 1 and 75 = 0 and
+Rp, = (J7H)T[0 1]". Let us call these vectors the Refer-
ence Force Vectors (see Fig. 1). Together, they determine the
sign of angular velocity and torque resulting from the ve-
locity and force at the end-effector as shown in Fig. 2. For
example, from Fig. 2a, it is clear that so long as V is within
+Ry, and +R,,, the joint angular velocities are 01 > 0 and
0y > 0. Similarly, from Fig. 2b, we observe the torques re-
quired to create F 4, are 7 <0 and 5 < 0. Likewise, F ds
requires 74 > 0 and 75 < 0.

Fig. 2. Intersecting the velocity vectors in (a) and force vectors in (b)
produces region pairs. Regions with common numbers are displayable.

D. Displayability Regions

As described before, if the force F and velocity V have
directions comprised between two of the reference vectors,
the direction of torques and angular velocity they create do
not change. As a result, the workspace may be divided into
4 distinct regions. In Fig. 2, these regions are labelled with

7283



numbers from I to IV for force, and 1 to 4 for velocity.
Force and velocity regions can now be paired according to
the passivity constraint.

1) Fully Displayable Region: In Fig. 2a, the input velocity
is in region @, and the forces the device can display are
within region @ in Fig. 2b. This is because the passivity
constraint is satisfied for all actuators. Let us refer to region
@ as the fully-displayable region. Notice that the size of
the fully-displayable region is always a fraction of the total
workspace.

2) Partially Displayable Regions: Consider again the end-
effector moves with a velocity V; and the desired force is
Fd2. In this case #;7; > 0 and 6275 < 0 and the passivity
constraint is only satisfied in one of the joints. In this region,
it is necessary to approximate F, using the actuator that
satisfies the constraint. Let us name regions where at least
one actuator can be used to approximate the desired force
as a partially displayable region whose boundaries do not
correspond to those from Fig. 2b and will now be defined.

Fig. 3a shows the reference force and two desired forces
F,, and F, ., both laying in @ Since the passivity con-
straint is not satisfied in joint 1, the only force that the de-
vice can create is a component of -Rp, (i.e. 1 = 0,—Rp,
= 0). For F, , the resulting force output is the projection
of F,, onto -Rp, ie. F,, , and for F, the output force
is F,,:,- The output force has the same direction as -Rp,,
with magnitude equal to the projection of the desired force
on to the reference vector. Note, however, as the angle be-
tween the desired force and reference vector approaches 90°,
the component of the displayable force tends to zero. There-
fore, the output force generated by the n™ actuator in the
partially displayable region is

Fou, = —sen(0n)Rp, an 5)

out

for Hn # 0, and 0 < «,, < 1 where «,, is a controllable
parameter modifying the magnitude of the output force, i.e.,
F, Ry

oy = ——. (§)

"R ©

The boundary of the partly-displayable region is a vector

orthogonal to the reference force direction. Since the refer-

ence velocities are columns of a Jacobian while the reference

force vectors are rows of an inverse Jacobian, their product
is an identity matrix:

100 R,
0 -~ 0] =3"J=] : | [Ry, Ry]. )
0 01 Ry,

Note that the multiplication of each term is equivalent to
taking a dot product of the corresponding terms. If the dot
product is O the vectors are orthogonal. Clearly, from the def-
inition of the inverse matrix, each velocity vector is orthogo-
nal to i —1 reference force vectors, and vice versa. Therefore,
the limit of the partly-displayable region is defined by Rp,
and the 7 — 1 orthogonal reference velocity vectors. For the
manipulator in Fig. 1 the partially-displayable region © is
bounded by +Ry, and -Rp, , while region @ is bounded

F(]; -R
F(/,; 4 y 12
>‘ y Foulg
RV1 \I/ FO“M

() (®)
Fig. 3. (a) A projection of the desired forces along the force reference
direction -R f, . (b) For given velocity, V, @ ~ @ is fully displayable,
@ =~ is non-displayable, while © and @ are partly-displayable.

by +Ry, and -Rp, .

3) Non-Displayable Region: The unaccounted range of
forces that cannot be generated forms the non-displayable
region, which is bounded by the velocity reference vector.
For instance, the non-displayable region of V; is @ ~
as shown in Fig. 3b.

4) Uncontrollable Force Output: So far, we only consid-
ered a case where actuators are moving. Let us now consider
the case where an actuator is stationary. In Fig. 4a, the input
velocity V, acts along +Ry,, making only the magnitude of
-Rp, controllable. The velocity along Ry, (and 92), on the
other hand, is zero. As a result, the force along Rp, is no
longer dependent on the velocity of the actator but per (2) it
depends only on the force input.

In Fig. 4b, we observe the possible outputs of Ry, re-
sulting from F,, ~and F,, . Since force F,, acts in line
with the reference force direction, F,,; is equal to -Rp,.
On the other hand, F,, acts at an angle from the reference
force, resulting in ¥, . The magnitude of the force output
is equal to the projection of the force on the reference vec-
tor. Similar to the partial force displayed by a moving brake,
the force output of a stationary actuator is

_Rp, (Fin - Rp,)

F =
IR, [I”

outy, Bn (8)
for §,, = 0, and Brn = {0,1}. Note that neither the magni-
tude nor the direction of the force output can be controlled.
However, the brake may be turned off by setting 3, = 0.
Whether the brake should be on or off is calculated with:

Bn = sgn ([RFn(_an ' RFn)] : Fd) ©)

This equation describes the force output of a static actuator
and will be combined with (5) to form a general form of the
output force equation in Section III.

III. MODELLING A MULTI-DOF DEVICE

The analysis developed in the previous section can be gen-
eralized to model a non-redundant device with n-DOF and
determine the total force output. One can also determine all
displayability regions found in any non-redundant passive
device.

A. General Form of the Output Force

By combining (8) and (5) one can describe any force, in
any of the displayability regions, for cases where actuators
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Fig. 4. (a) Depending on the force input, F ; can or cannot be produced.
(b) Force output of a stationary actuator for different force inputs.
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Fig. 5. (a) The force range generated using a controlled and an uncon-
trolled actuators. (b) The force generated due to Fm1 and F ing

are moving or not, by summing the force output of each
actuator 4:

- If 6, # 0,
—sgn(0,)Rp an and 0 < o <1
i
Fout:Z _Mﬁ If9n=0,
=i R 2 " and B, = {0,1}
0 Otherwise.

(10)

To display F, in Fig. 4a, given F,, we must use the
output of the stationary and moving actuator. In Fig. 5b we
can see that the combined force output of the two actuators
generates ¥, , which has the same direction as the F, .
Note, however, that the magnitude of F ;. is different from
the magnitude of the desired force. As shown in Fig. 5a, the
controllable force adds to the stationary actuator force and
together they generate F,,, = -Ry -Rp a;. Note, however,
that we can only control either the magnitude or the direction
of F_,;, but not both.

In contrast, when the same desired force is to be displayed
with F, -~ acting on the device, the stationary brake must be
off (B2 = 0). The brake opposes the desired force, as shown
in Fig. 5b, and the force output is the force of moving brake,
ie., F,,;,=Rp a. Further, (10) can be used to determine
the number and type of regions in an n-DOF device.

B. Displayability Regions in an n-DOF Device

Let us examine the cases where all actuator are moving.
The summation in (10) with a n-DOF device will involve n
terms; one term for each actuator. The following three cases
can be inferred:

o If the summation has no zero terms, the desired force

is fully displayable.

o If at least one term of the summation is zero, the force

is partially displayable

« If all terms are zero the forces are non-displayable.

Clearly, each combination of zero and non-zero terms cor-
responds to one displayability region. Considering all these
2¢ combinations, we can find the number of regions in a de-
vice with ¢ actuators. Moreover, the number of regions where
k actuators can produce force is

i!
(i — k)K!
where £k = 0,1,2,--- ,i. The result for devices with-DOF
between 1 and 6 is summarised in Table I.

Irrespective of the number of DOF, a passive haptic de-
vice always has 1 fully displayable (¢ = ¢) and 1 non-
displayable region (k = 0); the remaining regions are par-
tially displayable. These regions, however, differ from each
other in the number of actuators they can use to partially
display a force. Let us refer to this number as the degree-of-
displayability (DOD), where DOD= k. In a 1-DOD region a
force may be partially displayed using only one actuator, in a
2-DOD, two actuators, etc. So far, we have not seen regions
with DOD greater than one. To understand the importance of
these regions, let us examine a 3-DOF device which, accord-
ing Table I, has two types of partially-displayable regions.

Y

# of regions =

IV. ANALYZING A 3-DOF PASSIVE DEVICE

Fig. 6a shows a 3-DOF non-redundant device with revolute
joints. Its reference force and velocity vectors are found using
(4) and are also shown in the figure. In this pose, all joints
are orthogonal to one another. As a result, both force and
velocity reference vectors will have the same direction. Note,
however, if joints are not orthogonal these reference vectors
will not be collinear, as was the case in Section II.

By using a single actuator, a force can be generated only
along the reference direction. By controlling the magnitude
of two reference vectors the resultant force vector forms an
arc. Drawing the arcs for all combinations of the 3 reference
forces forms a sphere with spherical triangles on the surface
(see Fig. 6b). The surface area enclosed by these triangles
represents the directions produced using all 3 reference vec-
tors, similar to the regions found in a 2-DOF device.

For clarity, in Fig. 6b, let us shade in the surface of each
triangle and project the resulting sphere onto top and bottom
planes. In this representation, a direction vector appears as
a point on the surface of the sphere (notice V). Using this

TABLE I. Number of all regions in passive devices with various DOF.
= || > a Partly-Displayable with DOD = k s | Ba
SINEE [k=sk=a k=3 k=2]k=1]28 |22
1 1 0 0 0 0 0 1 2
2 1 0 0 0 0 2 1 4
3 1 0 0 0 3 3 1 8
4 1 0 0 4 6 4 1 16
5 1 0 5 10 10 5 1 32
6 1 6 15 20 15 6 1 64
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Fig. 6. (a) Reference vectors for a 3-DOF device, along with forces and
velocities acting on the device. (b) A sphere representing all vector direc-
tions, and its projection onto a plane. The signs of the reference vectors are
used to specify their position.

Fig. 7. Projections of the sphere: (a) top showing the non displayable
region (b) bottom showing fully displayable region

representation, Fig. 7 shows the reference vectors, velocity,
and forces acting on the manipulator in Fig. 6a.

As predicted by (11) and Table I, the device has a total of
8 regions: 1 displayable, 3 partly-displayable with 2 actuators
(2-DOD), 3 partly-displayable with 1 actuator (1-DOD), and
1 non-displayable. These regions are the triangles on the pro-
jected spheres. The three displayable reference force vectors
define the fully displayable region, while the non-displayable
region is bounded by the reference velocity vectors. The re-
maining 6 regions are partially displayable.

The two types of partially displayable region can be seen
in Fig. 7. Since arcs are formed by forces generated using
2 actuators, the regions sharing a side with the fully dis-
playable region are partially displayable with the same two
actuators. Consequently, the regions that share only a corner,
that is a single reference vector, with the displayable region
are partially displayable using only that one actuator. From
this, we find that F'; is fully displayable, F, can be partially
displayed using a combination of -R g, and -Rf,, while F;
is partly-displayable using only -Rp,.

The displayable forces in regions with 1-DOD work in
much the same way as the partly-displayable regions in a
2-DOF device described earlier. In these regions, the direc-
tion of the force is defined, and only the magnitude may be
controlled. In the regions with 2-DOD, however, the direc-
tion of the force, along with its magnitude may be controlled
using various combinations of the reference forces.

Lastly, moving from a 2-DOF to a 3-DOF device, there
are significantly more directions that can be displayed using
fewer than ¢ actuators, i.e., there are 6 single actuator refer-

ence vectors, but there are also 12 regions where the force
uses 2 actuators. Thus, a 3-DOF device may be more prone
to stiction and to control the force output, the controller will
rely more on the user’s force input. From the control per-
spective, increasing the number of DOF has antagonistic ef-
fects on performance. On one hand, a larger portion of the
workspace falls within partially displayable regions and the
force approximation becomes more challenging.

V. DISCUSSION

Based on the analysis of n-DOF devices in Section III we
can compare devices with various DOF and gain insight into
their feasibility. First, let us consider the relative size of the
displayable region. This size varies widely depending on the
configuration of the manipulator, therefore let us assume that
all directions act orthogonal to one another, as was the case
with the 3-DOF manipulator in Fig. 6a. In this configuration,
all regions are equal in size. The number and type of each
region can be found through (11). For any DOF, the num-
ber of fully-displayable and the non-displayable regions is 1.
Thus, the relative size n of each of these two regions is

_ # of displayable regions _ l (12)
21

Two observations can be made right away. For one, the
relative size of the fully displayable region decreases expo-
nentially as the number of DOF increases. Secondly, the size
of the non-displayable region decreases at the same rate. As
a result, forces can be displayed in an increasingly limited
range of directions but there are also fewer forces that cannot
be displayed at all.

To put it into perspective, the fully-displayable and the
non-displayable regions account for 25% of all direction in
a 2-DOF device. In 3-DOF manipulators, this number is only
12.5%, and at 6-DOF it drops to 1.6%. Since there is a
small range of forces that can be displayed accurately, and
an equally small range of forces that cannot be displayed at
all, the majority of the force range is partially displayable.

Table I shows that as the number of DOF increases, so do
the DOD of these regions. Increasing the DOD is crucial in
improving the displayability of a passive device. Thus, in a
1-DOD region, like in partly-displayable regions found in a
2-DOF device, only the magnitude of the force output can
be controlled. In contrast, both the magnitude and direction
of the force in a 2-DOD region is controllable.

A well-designed controller should be able to make use of
this additional freedom to improve the quality and/or accu-
racy of the forces produced by a passive device with many
DOF. The controller could direct the user towards or away
from regions with higher or lower DOD, respectively. Fi-
nally, with increasing DOF, the probability of one or more
actuators in a device being stationary increases. As a result, a
device with many DOF is likely to experience more stiction
issues.

# of regions

VI. CONCLUSIONS

Passively-actuated haptic devices are an alternative to the
conventional haptic displays that employ electric motors.
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Passive devices such as brakes have a high torque-to-volume
ratio, low inertia, and they are intrinsically stable. On the
other hand, the passivity of these devices makes them diffi-
cult to control. Several authors have highlighted issues with
force control in passive devices. The majority of these anal-
yses, however, have been limited to 2-DOF devices.

In this paper, we introduced a new framework to analyze
the performance of an n-DOF haptic device using brakes
as actuators. First, we reviewed the modelling techniques
for a 2-DOF manipulator then expanded and generalized the
analysis to examine the characteristics of an n-DOF device.
The proposed formulation describes the quality of the force
output generated in different regions of the workspace.

The analysis showed that as the number of DOF increases,
the size of each region in the device decreases. In any non-
redundant device, there is one fully and one non-displayable
regions. As a result, the relative range of forces a device
cannot produce decreases as the number of DOF increases.
In fact, the range of forces in a haptic device with many
DOF is mostly composed of partly-displayable regions.

An n-DOF device, additionally, contains many types of
partly-displayable regions. These regions differ from each
other in their degree-of-displayability (DOD), which repre-
sents the amount of control over a force produced in the
partly-displayable regions. Higher DOD regions found in
higher DOF devices offer better control over the force output.
Using the partly-displayable forces and their full DOD, con-
trol algorithms may be able to greatly expand the range of
a passive haptic device by approximating the desired force.
In fact, using all the partly-displayable regions, the relative
force range of an n-DOF device should approach the range
of an equivalent active device.

Further, the analysis highlighted that a stationary actua-
tor limits the control over the force output of a device. The
number of directions where one or more actuators is sta-
tionary increases with the number of DOF. As a result, a
passive device with a high number of DOF will be more
prone to stiction problems. However, [20]-[22] showed that
the stiction may be, in part, mitigated by using clever control
schemes. As a result, the feasibility of a device with n-DOF
also depends on the controller’s ability to alleviate problems
caused by stiction and approximate a desired force.

Using partly-displayable forces produces an error in the
reproduction of the force. For purposes of simulation, how-
ever, these forces do not have to be perfectly accurate. Hu-
mans have well-studied perception thresholds. For instance,
according to [25], the sensory threshold of a human user is
7% for a differential change in force magnitude and, accord-
ing to [26], 5° for change in direction. If the controller can
maintain these differential errors within this range, a device
with n-DOF will be feasible in many applications.
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